Abstract. We show that the plane Cremona group over the field of rational numbers does not contain elements of prime order ≥ 11. Also we prove that there is only one conjugacy class of elements of order 7 represented by an automorphism of a 2-dimensional torus constructed by J.-P. Serre.
Introduction
The classification of conjugacy classes of elements of prime order p in the plane Cremona group Cr 2 (K) over an algebraically closed field of characteristic 0 has been known for more than a century. The possible orders of elements not conjugate to a projective transformation are 2, 3, and 5 (see [2] and historic references there). Much less is known in the case when the field K is not algebraically closed. For example, when K = Q, there are no elements of prime order p > 3 which are conjugate to projective automorphisms. However, there exists can element of order 5 in Cr 2 (Q) which acts biregulary on a rational Del Pezzo surface of degree 5. The first example of a birational automorphism of P 2 (Q) of order 7 was constructed by J.-P. Serre [9] . It is realized as an automorphisms of a rational Del Pezzo surface of degree 6. He also raised the question about the existence of birational automorphisms of prime order p > 7. This note answers this question by proving that Cr 2 (Q) does not contain elements of prime order p > 7. We also prove that Serre's example of an automorphism of order 7 is unique up to conjugacy in the Cremona group.
We are using the same tools applied in [2] for classification of conjugacy classes of finite subgroups of Cr 2 (C) adjusted to the case when the ground field is not algebraically closed. The main approach is based on an equivariant version of the two-dimensional Mori's theory of minimal models. One shows that any finite subgroup G of Cr 2 (Q) can be realized as an automorphism group of a rational surface X over Q which is G − Q-minimal in the sense that it does not admit a non-trivial birational G − Q-morphism to a nonsingular surface. Two groups are conjugate if and only if the corresponding realizations are G − Q-equivariantly birationally isomorphic over Q. This reduces the problem to the problem of classification of cyclic subgroups of prime order which act biregularly on a projective rational nonsingular surface over Q.
We thank J.-P. Serre for the correspondence which led to this work.
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Minimal rational G-surfaces
Let k be a field andk be its algebraic closure. A geometrically rational surface X is a smooth projective surface over k such thatX = X ⊗ kk is birationally isomorphic to P 2 k . Let G be a finite subgroup of Aut k (X). For any extension K/k the group acts naturally on X K = X k ⊗ K and hence can be considered as a subgroup of Aut K (X K ).
A geometrically rational G-surface is a pair (X, G), where X is a geometrically rational surface over k and G is a finite subgroup of Aut k (X). A geometrically rational G-surface (X, G) is called minimal if any G-equivariant birational morphism X → X ′ to a geometrically rational G-surface X ′ is a k-isomorphism. In the case when G = {1}, a minimal surface is just a k-minimal surface in the sense of the theory of minimal models. If G = {1}, a minimal rational G-surface is not necessary a k-minimal surface.
Assume that k is a perfect field. Then X trivializes over a finite Galois extension L/k (i.e. becomes birationally isomorphic to the projective plane over L).
Together with the action of G on X, we obtain the action of the group Γ × G on X L . The following result follows from an equivariant version of the minimal model theory of algebraic surfaces and its proof can be found elsewhere (see the references in [2] ). 
(ii) X admits a conic bundle structure with Pic(X) G ∼ = Z 2 generated, after tensoring with Q, by K X and the class of a fibre.
Recall that a conic bundle structure on X is a morphism φ : X → C, where C is a genus 0 curve (not necessary isomorphic to P 1 k ) and all fibres are isomorphic to a reduced conic over the residue field. A non-smooth fibre becomes isomorphic to a bouquet of two P 1 's over a quadratic extension of the residue field. If r denotes the number of singular geometric fibres of π,
3. In this note we will be interested in the case k = Q and surfaces X which are rational over Q. The following result can be found in [3] , §4.
Theorem 2. A minimal geometrically rational surface X over a perfect field k is k-rational if and only if the following two conditions are satisfied:
(i) X(k) = ∅; (ii) d = K 2 X ≥ 5.
The main theorem
Our main result is the following. To compare it with the situation in the case of an algebraically closed field of characteristic zero we cite the following well-documented result which goes back to the 19th century mathematics (see the references in [2] ). An element of prime order p not conjugate to a projective automorphism exists only if p = 2, 3 or 5. An element of order 5 not conjugate to a projective transformation is realized as an automorphism of a special Del Pezzo surface of degree 1. An element of order 3 not conjugate to a projective transformation is realized as an automorphism of a special Del Pezzo surface of degree 1 or 3. Finally an element of order 2 not conjugate to a projective transformation is conjugate to either a de Jonquiéres involution, or a Geiser involution, or a Bertini involution. Recall that a de Jonquiéres involution is defined in affine coordinates by (x, y) → (x, F 2g+1 (x)/y), where F 2g+1 (x) is any polynomial of degree 2g + 1 > 1 without multiple roots. A Geiser involution is realized by the automorphism of a Del Pezzo surface of degree 2 arising from a degree 2 map to P 2 defined by the anti-canonical linear system. A Bertini involution is realized by the automorphism of a Del Pezzo surface of degree 1 arising from a degree 2 map to a singular quadric in P 3 defined by the anti-bicanonical linear system.
It is clear that the de Jonquiéres, the Geiser and the Bertini involutions are realized over Q and not conjugate to a projective transformation. A construction of Serre which we will discuss later can be also used to give examples of elements of order 3 and 5 in Cr 2 (Q) which are not conjugate to a projective automorphism.
3.1.
No automorphism of order p > 7 exists. We start with proving the first assertion of the theorem. We may assume that an automorphism σ of prime order p acts on a Q-rational surface X making the pair (X, σ ) a minimal σ -surface. We say that σ acts minimally on X.
We will use the following result of Minkowski [5] (see [8] for a modern proof).
Theorem 4. Let n be an integer ≥ 1 and ℓ be a prime number. Define
Let G be a finite subgroup of GL n (Q) and ℓ ν ℓ (G) be the order of its ℓ-Sylow subgroup. Then ν ℓ (G) ≤ M (n, ℓ) and the bound is strict.
Specializing this result to the case when G is a cyclic subgroup of prime order p we find that
Proposition 1. Assume that σ acts on a conic bundle. Then p < 5.
Proof. Let π : X → C be a conic bundle structure on X. Since X is Q-rational, the set X(Q) is not empty and hence the set C(Q) is not empty. Thus C ∼ = P 1 Q . Let P be the image of G in Aut(C) ∼ = PGL 2 (Q). Since GL 2 (Q) does not contain elements of order p ≥ 5, we obtain that P = {1}. Thus σ leaves each fibre invariant. Since the set of X(Q) is dense in the Zariski topology of X, there exists a fibre Qisomorphic to P 1 on which σ acts non-trivially. Thus σ ∈ PGL 2 (Q) and must be of order < 5.
Proposition 2. Assume that σ acts on a Del Pezzo surface. Then p ≤ 7.
Proof. We use some well-known facts about Del Pezzo surfaces which can be found, for example, in [1] . If the degree d of a Del Pezzo surface is greater 2, the anticanonical linear system | − K X | embeds X in P d . Obviously this embedding is σ-equivariant and is defined over Q. Since d ≤ 8, applying (1), we obtain that p ≤ 7. If d = 2, the anti-canonical linear system defines a σ-invariant degree 2 map X → P 2 defined over Q. Since the automorphism of the cover commutes with σ, we realize σ as a non-trivial automorphism of P 2 Q . Applying (1), we obtain that p ≤ 3. Finally, if d = 1, we use | − 2K X | to define a double cover X → Q, where Q is a singular quadric in P 3 Q . Arguing as in the previous case, we obtain that p ≤ 5. 3.2. An example of J.-P. Serre. Let us reproduce Serre's construction of an element of order 7 in Cr 2 (Q). It is known that any algebraic torus over an arbitrary field k is a k-rational variety [7] , Chapter 4, §9. Thus it is enough to construct an algebraic torus T of dimension 2 defined over Q such that the group T (Q) contains an element of order 7.
Let L = Q(η), where η = e 2πi/7 , be the cyclotomic extension of degree 6 with cyclic Galois group Γ = σ . Let T 1 = R L/Q (G m ) be the 6-dimensional torus obtained by the Weyl descent of G m . Recall that T 1 represents the functor on the category of Q-algebras
The Galois group acts naturally on T 1 (Q) = L * and on T 1 (L) via its action on L and cyclically permuting the factors. We have σ 6 = 1 in the ring End(T 1 ) of endomorphisms of T 1 . Let
, where Φ(x) = x 2 − x + 1. Hence Φ(σ)Ψ(σ) = 0 in End(T 1 ) (in the multiplicative notation 0 is the trivial homomorphism x → 1).
Let T = Ψ(σ)(T 1 ) ⊂ T 1 . Since the character lattice T *
1) (see [7] , Chapter 7), we have T * ∼ = Z[x]/(Φ(x)), hence T is a 2-dimensional torus defined over Q. The group T 1 (Q) = L * contains the subgroup η . It follows from [8] , 5.2, that η is mapped isomorphically to T (Q). In fact, in our case this can be checked directly by using that Ψ(σ) = σ 4 + σ 3 − σ − 1 acts on η as an automorphism. To see this we may assume that σ is given by η → η 3 . Thus η
3.3. The uniqueness of an element of order 7. Now let us prove the second assertion of our main theorem. Suppose σ is an element of order 7 in Cr(Q). By Theorem 1 and Proposition 1, σ acts minimally on a Del Pezzo surface. It follows from the proof of Proposition 2 that σ acts minimally on a Del Pezzo surface of degree d ≥ 6. The case d = 7 cannot be realized minimally, the cases d = 8 and d = 9 lead to the cases when X is a quadric in P 3 Q or the projective plane P 2 Q . In both cases the order of σ is less than 7. Thus σ is realized as a minimal automorphism of a Del Pezzo surface of degree 6.
The group of automorphisms ofX is well-known (see, for example, [2] ). The surfaceX is isomorphic to the blow-up of P . The Picard group ofX is generated by the divisor classes e 1 , e 2 , e 3 of the exceptional curves E 1 , E 2 , E 3 and the pre-image of the divisor class e 0 of a line. The set of the exceptional curves onX consists of the curves E 1 , E 2 , E 3 and the proper transforms of the coordinate lines with the divisor classes e 0 − e 2 − e 3 , e 0 − e 1 − e 3 , e 0 − e 1 − e 2 . The union of the six exceptional curves forms a hexagon Π of lines in the anti-canonical embedding ofX. It is cut out by a hyperplane. The complementX \ Π is isomorphic to the 2-dimensional torus T , so thatX is a toric variety. The inversion automorphism of the torus x → x −1 is realized by the standard Cremona transformation of the plane. Its lift toX interchanges the opposite sides of the hexagon. The automorphism group acts on the three orbits of the sides as the full permutation group S 3 . This defines a surjective homomorphism ρ : Aut(X) → S 3 ×Z/2Z. The target group is isomorphic to the orthogonal group of the Picard group. The kernel of ρ is the group of projective transformations leaving the set of points p 1 , p 2 , p 3 invariant. It is isomorphic to the group T (Q) ∼ =Q * ×Q * . It follows from the above description of Aut(X) that an automorphism σ of order 7 belongs to the kernel of the homomorphism ρ. In particular, the σ-minimality of X implies Q-minimality of X. Over Q, the complement T of the hexagon of lines is a torsor of a torus defined over Q (see [6] , Chapter (V, §8). Since X is rational over Q, the set of rational points of X is dense in X, hence T (Q) = ∅. This implies that T is the trivial torsor, i.e. a form of the split torus G 2 m . Thus σ is realized as a rational point of the torus T .
Using the natural bijection between the conjugacy classes of cyclic subgroups of the Cremona group and birational isomorphism classes of G-surfaces, it is enough to show that two Del Pezzo minimal surfaces of degree 6 with an automorphism of order 7 are equivariantly birationally isomorphic over Q. Clearly, it suffices to show that two 2-dimensional tori over Q admitting an element of order 7 are isomorphic over Q.
A Q-torus T is determined by a pair (L, T * ), where L/Q is a minimal Galois extension with the Galois group Γ such that T splits over L and T * = Hom(T L , G m ) is the Γ-module of rational characters of T . The structure of the module is determined by the isomorphism class of a linear representation s : Γ → GL(n, Z), where n = dim T , in our case equal to 2. The homomorphism s defines the cohomology class in H 1 (Γ, Aut(G n m )) = Hom(Γ, GL(n, Z)). In our case T (Q) contains an element of order 7 hence the minimal splitting field L of T contains Q(η). Since T (L) contains an element of order 7, by Corollary of Theorem 4 in [8] , L must be equal to Q(η).
A homomorphism Γ = Gal(L/Q) → GL(2, Z) sends the image of a generator to an element of order 6 in GL(2, Z) (by minimality of L/Q it cannot be of smaller order). It is known that GL(2, Z) contains two maximal finite subgroups, of order 8 and 12 [7] , Chap. 4, §9). This implies that all abelian subgroups of order 6 are conjugate. This shows that all tori split over L are isomorphic. This proves the uniqueness of the conjugacy class of order 7 in Cr 2 (Q).
7.
The construction of Serre can be used for realizing elements of order 3 and 5 in Cr 2 (Q) not conjugate to automorphisms of minimal rational surfaces, and in particularly, of the projective plane. The authors believe that, granted time and patience, the methods of [2] and [8] can be used for classification of the conjugacy classes of all finite subgroups of Cr 2 (Q).
